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FATIGUE LIFE ESTIMATION OF CRACKED STRUCTURAL COMPONENTS
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Summary: This paper presents a computational model/method for calculating the residual fatigue life for surface-cracked structures. The analysis considers the major three-dimensional aspects for the semi-elliptic crack problem including crack shape (planar crack with crack front curvature) and local stress variation in a plate. The plate is subjected to a tensile load. Stress intensity factor, as an important parameter for fatigue life estimation is determined by applying analytical and numerical methods. The fatigue life of surface-cracked problems has been estimated using the Paris equation by incrementing the crack depth. Calculated residual life correlates well with experimentally obtained data. 
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1. INTRODUCTION 
Structural components are subject to environment during service and in combination with possible cracks initiated at structural discontinuities such as holes or material defects this could lead even to failure. Reliable fatigue life prediction is very important for safe design and maintenance of structural components subjected to cyclic loading [1,2]. Under cyclic loading or under static loading and due to effects of differrent environment factors any surface flaw, if it exists, has the potential of subcritacally growing into a surface crack. Analysis of the structure containing such flaws is needed for modeling and estimation of the corresponding crack propagation rate as well as residual fatigue life.
Experimental investigations show that crack shape of propagating surface cracks in a plate under cyclic loading is approximately semi-elliptical. Due to complexity of geometry, for fatigue crack growth analysis of semi-elliptical problems, it is neccessary to examine both the depth and surface directions. Actually, theoretical model for fatigue crack growth is based on two coupled Paris fatigue crack growth relations.
For reliable prediction of crack growth rates and fracture strengths of components accurate stress analysis of surface crack problems is needed. Over the years, several methods have evolved to compute stress intensity factor for structural components containing semi-elliptical cracks. In general, for fatigue crack growth analysis of surface crack problems, two approaches may theoretically be employed to model three-dimensional cracking problems. The first approach in which surface crack is analysed as a full three-dimensional problem, and the second, which consists of replacing the surface crack by an (equivalent( two-dimensional or line crack created mathematically by combining suitable analytical models with correction functions. According to that, some of numerical methods which can be used to calculate stress intensity factor for fatigue crack growth analysis are: the finite element method [3], the boundary-integral equation method [4,5], the finite element alternating method [6] and the 3-D line method [7-9].
The objective of this paper is to formulate a computational model for fatigue life estimation of structural components with surface semi-elliptical cracks. In fatigue analysis, both, crack depth direction and surface direction are investigated. Moreover, the stress intensity factor is calculated by applying analytical method and numerical method (FEM).
2. FATIGUE CRACK GROWTH
An important aspect in the crack growth analysis of cracked structural components is the evaluation of residual life under service conditions. This means the calculation of the time i.e. number of loading cycles required to grow a crack from a tolerable size to a critical length. 

The fatigue life analysis of a complex surface crack problem requires considering two crack growth directions. Actually, Newman and Raju [3] intoduced that the aspect ratio change of surface cracks should be calculated by assuming that a semi-elliptical profile is always maintained and for fatigue life estimation it is adequate to use two coupled Paris fatigue laws known as (two-point plus semi-ellipse( method:
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where (KA and (KB are the ranges of stress intensity factor at the depth and surface points of a surface crack and they can be calculated by applying analytical and/or numerical methods, CA, CB, mA and mB are material constants experimentally obtained. 
In crack growth analysis very important aspect is to evaluate fatigue life up to failure. Final number of loading cycles for surface cracked problems can be calculated for both directions if equations for crack growth rate are integrated:  
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Eq. (2) can be used to estimate the number of loading cycles required for the surface crack to grow through the thickness for the assumed incremental increase in crack depth. The corresponding incremental increase in the surface direction is calculated using Eq. (3). Every subsequent crack length is determined as:
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This process is repeated until the crack depth reaches the through-thickness. The incremental life is estimated corresponding to every incremental growth and the cumulative total life is evaluated.
3. STRESS INTENSITY FACTOR FOR SEMI-ELLIPTIC CRACK PROBLEM

In the study of fatigue crack growth and failure behaviour of surface cracks, the essential element is an accurate calculation of the stress intensity factor. Stress intensity factor solutions are required for the assessment of fracture strength and, residual fatigue life, or for a damage tolerance analysis to aid structural design.

In fracture mechanics the stress intensity factor can be calculated with following equation:
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where ( is the level of external loading, a presents the crack length and Y is the geometry correction factor. Due to the fact that surface cracked problem is examined in this paper, Eq. (4) must be adjusted to considered  geometry. The complex geometry of surface cracked problems could be introduced by formulating the adequate geometry correction factor. First, Irwin [10] proposed an expression for the stress intensity factor, around an elliptical crack in an infinite elastic solid, subjected to uniaxial tension and based on an analysis by Green and Sneddon [11]. As a result of Irwin's considerations, the geometry correction factor along the elliptical crack in an infinite solid subjected to uniaxial stress ( acting normal to the plain of the crack can be expressed as:
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where a is the depth and 2b is the surface length of a semi-elliptical flaw. The parameter ( is the angle in the parametric equation of ellipse and E(k) is a complete integral of the second kind [12], i.e.:
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Later, the geometry correction factor for a surface crack in an infinite elastic solid subjected tensile was modified in order to define the stress intensity factor for surface crack in a finite elastic solid [12-14] (Fig.1). Actually, in Eq. (5), the magnification factor Mf is included, which clearly shows the effects of a front and back free surfaces of the plate:

[image: image11.wmf](

)

k

E

b

a

M

Y

f

25

.

0

2

2

2

cos

sin

÷

÷

ø

ö

ç

ç

è

æ

÷

ø

ö

ç

è

æ

+

=

f

f

.
(7)
The factor Mf for finite width w and finite thickness t is formulated as:
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where M1, M2, M3 present factors depending of depth crack length a and surface crack length b, i.e.:
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g is factor depending of depth crack length a, thickness t, as well as angle (:

[image: image16.wmf](

)

2

2

sin

1

35

.

0

1

.

0

1

f

-

÷

÷

ø

ö

ç

ç

è

æ

÷

ø

ö

ç

è

æ

+

+

=

t

a

g

,
(12)
and factor fw can be expressed like:
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With defining the geometry correction factor (Eqs. (7)-(13)), it is possible to calculate the stress intensity factors at any point along a semi-elliptical crack in a finite plate subjected to tensile load. Additionally, in this paper, numerical approach is built for the stress intensity factors calculation by applying a finite element method. All calculated results using analytical and numerical approaches for determination of the stress intensity factors are presented in the section that follows.
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Fig. 1 Geometry of a semi-elliptical surface crack in a finite plate.
4. NUMERICAL RESULTS 

To illustrate computation model for fatigue life of structural components with a semi-elliptical crack, a few numerical examples are presented in this section. These examples examine stress intensity factor calculation as well as fatigue life estimation. In order to verify the validation of presented model for surface crack growth simulation obtained results are compared with experimental data.
Example 4.1 Crack growth estimation of semi-elliptical surface crack
This example deals with crack life calculation of structural element with semi-elliptical surface crack. Analysed external loading is axial with constant amplitude (Pmax=35 kN, R = 0.1). Geometry characteristics are: a0=2.42 mm, af=9.43 mm, b0=2.54 mm, bf=12.95 mm, 2w=28 mm, t=11 mm, L=102 mm. Material characteristics of AISI 4130 alloy steel are: (y=415 MPa, (u=559 MPa, E=210 GPa and Paris' parameters CA=6.35*10-12, mA=3.99, CB=5.61*10-12, mB=3.89.   
The first parameter that has to be examined in fatigue crack growth analysis of surface-cracked structure is the stress intensity factor. This important parameter is calculated by applying Eq. (4) with defined geometry characteristics as well as external loading. Due to the fact that surface crack is analysed, it was neccessary to examine the calculation of stress intensity factors for both surface and depth directions. For calculation of the stress intensity factors Eq. (4) with Eqs. (6)-(13) were used. Computed values of stress intensity factors for adequate crack increments are presented in Fig.2. 
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Fig. 2 Stress intensity factor versus crack length

(a- Depth growth, b-Surface growth).
Using the fatigue performance data, according to the structural geometry and defined fatigue model in previous section, it is possible to calculate crack growth rate and fatigue life up to failure. Obtained results for crack length versus number of loading cycles up to failure are presented in Fig.3 for both, depth and surface directions. At the same Figures, all computed results for number of loading cycles up to failure are compared with experimental data [15].
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Fig. 3 Crack length versus number of loading cycles for semi-elliptical crack
(a- Depth growth, b-Surface growth).
It is indicated in Fig.3 that the estimated values of number of loading cycles up to failure are conservative when compared to experimental data. In engineering practice existance of conservativity in fatigue crack growth analysis is always benefitial since in this way safe residual service life of structural elements could be determined.  Additionally, conservativity of computed results is often result of defined criteria (often  too strict) which are used to formulate adequate analytical relations for crack growth analysis.
Example 4.2 Stress analysis of a surface-cracked plate 

In this example, stress intensity factor calculation was carried out. The considered plate with surface crack (a=b) is subjected to tensile load. External loading is with constant amplitude (P = 50 kN). The plate is made of AISI 4130 steel ((y=415MPa, (u=559MPa, E=210 GPa, KIC=80 MPam0.5). Geometry characteristics of the surface cracked plate are: a0=b0=3 mm, 2w=50 mm, t=10 mm.
In addition to analytical approach for stress intensity factor evaluation used in the previous example, numerical approach based on finite element method is built in this paper. For this purpose singular six-node finite elements [16,17] are used. Actually, step-by-step, for each increment of crack length different meshes are modeled by using super-elements around crack tip [18], Fig. 4. 
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Fig. 4 The part of finite element mesh of the surface-cracked plate.
The step-by-step procedure is repeated until the computed crack growth is very close to the final failure of the plate. A representation of the finite element analysis for the surface-cracked plate (a=b) made of AISI 4130 steel is shown in Fig.4 and Fig.5.

Fig. 5 Stress distribution of the surface-cracked plate subjected to tensile load.
Computed results are listed in Table 1 for stress intensity factor for different values of crack length in both directions (surface and depth) by using proposed analytical method and a finite element method. 
Table 1 Comparison of the computed stress intensity factors using analytical and numerical method (Positions: A - ( =900, B - ( =00)
	Step
	a=b
10-3 [m]
	KAFEM
[MPam0.5]
	KAAnal.
[MPam0.5]
	KBFEM

[MPam0.5]
	KBAnal.

[MPam0.5]

	1
	3
	6.74
	6.55
	7.92
	7.41

	2
	4
	7.88
	7.68
	9.24
	8.87

	3
	5
	8.89
	8.41
	11.18
	9.99

	4
	6
	9.99
	9.81
	12.48
	11.41



It can be observed in Table 1 that the analytical method gives almost the same solutions as finite element method, so both methods for stress intensity factor calculation can be used in crack growth analysis of surface-cracked plate subjected to tensile load.
5. CONCLUSION 
The fatigue growth model to analyse the semi-elliptical crack in a plate subjected to tensile load is developed. For the stress intensity factor calculations, both analytical and numerical approaches are applied. Fatigue life up to failure is estimated by using (two-point plus semi-ellipse( method. The fatigue lives up to failure are compared with experimental results available in the literature. Comparisons of computed number of loading cycles up to failure, point out the fact that the analytical approach for calculation of stress intensity factor is in a good agreement with those  obtained by applying finite element method. Presented fatigue growth model is applicable in engineering practice for fatigue life estimation of semi-elliptical crack problems in a plate subjected to a tensile. 
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