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Summary: A computational procedure for the crack growth analysis of a quarter-elliptical corner crack configuration is proposed. The residual strength estimation includes the stress analysis and fatigue life calculation. In order to evaluate the stress intensity factors analytical and numerical approachers are employed. The estimations are compared with avaiable experimental data. The computed results are in a good agreement with experimental observations. 
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1. INTRODUCTION 
Failure of structural components is often caused by flaws nucleated due to corrosion, fretting, tool marks, material defects and fatigue. The presence of such flaws or cracks under cyclic loading raise the stresses and reduce operating life of structural component. The shape of these flaws from the engineering point of view can be approximated either as surface cracks (embedded, semi-elliptical) or corner cracks. The authors of the present paper investigate the propagation of quarter-elliptical corner crack configurations.
Within the context of fracture mechanics and in order to ensure the integrity of structural components, an important aspect is to develop and implement reliable computational procedures for fatigue strength analysis.

The geometry of surface flaws together with external loading are taken in the crack growth estimation by introducting stress intensity factors for depth and surface directions. Further, in order to investigate residual fatigue life up to failure of such crack configurations, the crack growth rate and number of loading cycles have to be included in the consideration. 
The stress analysis and the stress intensity factors can be theoretically investigated by employiong different methods such as: the boundery integral equation method [1], the alternating method [2, 3], the finite element method with singularity elements [4], the finite element alternating method [5] and the finite element method with displacement hybrid elements [6].
In the present paper, the computational procedure for the residual strength analysis of the quarter-elliptical corner crack configuration is developed. In the crack growth estimation, the stress analysis and the fatigue life calculation are considered. For the stress analysis numerical and analytical approaches are employed. The proposed procedure is verified thanks to the adequate comparisions between crack growth calculations and experimental data.
2. FATIGUE CRACK GROWTH
During explatation structural components are subjected to cyclic loadings. In order to prevent any sudden failures of components, the essential aspect is the evaluation of a reliable computational models/procedures for the crack growth analysis. The strength analysis of structural components with initial cracks includes the crack growth rate calculation and the estimation of number of loading cycles up to failure.

Crack growth problems can be considered either in one direction (through-the-thickness crack) or in two directions (surface cracks). The quarter-elliptical corner crack configuration as a surface problem requires considering two different relationships for crack growth rates given by:
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where (KIA and (KIB are the stress intensity factor ranges for depth position A and surface position B, respectively. Constants CA, CB, mA and mB present material parameters experimentally obtained. 
In the strength analysis, the relationships for crack growth rates enable that the number of loading cycles up to failure can be estimated. After integration Eqs.(1a)-(1b) the expressions for final number of loading cycles up to failure can be written as follows:
for depth direction:
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for surface direction:
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(2b)
where a0, b0 and af, bf denote initial and final crack length in depth and surface directions, respectivelly.
The relationships for stress intensity factor are complex so in order to estimate residual fatigue life adeguate numerical methods have to be used for integration of complex functions. 

3. QUARTER-ELLIPTICAL CORNER CRACK CONFIGURATION AND STRESS INTENSITY FACTOR CALCULATION
The residual life estimation demands the inclusion of  adequate parameters related to external loading, geometry and material of the structural components. In fracture mechanics, these parameters are considered thanks to the stress intensity factor. The stress intensity factor for the quarter-elliptical corner configurations (Fig.1) can be expressed as follows [7]:
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where (S is the stress range, a presents the crack length in depth direction, Q denotes the elastic shape factor and Me is the correction factor. The elastic shape factor presents the square of the elliptic integral of the second kind and can be approximated as:
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(4)
where b presents the crack length in surface direction of a quarter-elliptical corner crack. 
The combination of front-face, back-face and finite-width corrections is considered as correction factor Me given by:
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(5)
where M1, M2, M3 are correction factors depending of the crack length in depth direction a and the crack length in surface direction b. They can be written (a/b > 1.0)  as follows:
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The factors g1, g2 and f are depending of the crack length in surface direction b, thickness t, as well as angle ( i.e.:
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(11)
The correction factor fw considers the finite-width effect of the plate and is given by:
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where w is the width of the plate.
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Fig. 1 Geometry of a quarter-elliptical corner crack in a finite plate.

Moreover, the stress intensity factors can be calculated employing the finite element method. The authors have built numerical procedure for the stress analysis and the stress intensity factor calculation of the plate with a quarter-elliptical corner crack. The computed results applying Eq.(3) together with Eqs.(4)-(13) as well as the finite element method are presented in the following Section.
4. NUMERICAL RESULTS 
Now, the proposed computational procedure for strength analysis is implemented in order to analyze its validity through a few numerical examples. Reliability of the procedure is verified by the comparison of computed results with experimental data. Presented numerical examples tackle the stress analysis and the fatigue life calculation. 
Example 4.1 Residual life estimation of the plate with a quarter-elliptical corner crack
This example considers the fatigue life analysis of the plate with a quarter-elliptical corner crack (Fig.1). Geometry sizes of the plate are as follows: a0=2.12 mm, af=8.58 mm, b0=2.02 mm, bf=7.91 mm, w=22.86 mm, t=11.43 mm. The plate is made of Ti-6Al-4V Alloy and material parameters are: Sy=948.34 MPa, Su=1019.38 MPa, CA=1.658*10-10, CB=1.4922*10-10, mA=mB=2.3779. External loading is axial with constant amplitude (a far field maximum gross stress Smax=340.57 MPa, R=0.1).
The fatigue life analysis begins by the employment of Eqs.(3)-(13) for the stress intensity factor evaluation. Calculated results for stress intensity factors as a function of the crack lenght (in depth and surface directions) are plotted in Fig.2.a. Then, the crack growth rates can be computed using Eq.(1a) and Eq. (1b) together with Eqs.(3)-(13). Obtained results for the crack growth rate versus crack length (for both diections) are presented in Fig.2.b. 
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Fig. 2 (a) Stress intensity factor versus crack length;
(b) Crack growth rate versus crack length
(a- Depth direction, b-Surface direction).
As the stress intensity factor and the crack growth rate are calculated, then the number of loading cycles up to failure is evaluated for the same geometry and external loading. Computed values of number of loading cycles up to failure by applying Eq.(2a) and Eq.(2b) together with Eqs.(3)-(13) are shown in Fig.3. At the same Figures, all computed results for number of loading cycles up to failure are compared with experimental data.
From Fig.3.a and Fig.3.b can be deducted that the estimated values of number of loading cycles up to failure, for both directions are in a good correlation with experimental observations.
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Fig. 3 Crack length versus number of loading cycles

(a- Depth direction, b-Surface direction).
Example 4.2 Stress intensity factor calculation for the plate with a quarter-elliptical corner crack


This section examines the stress analysis in order to evaluate the stress intensity factor. The plate with a quarter-elliptical corner crack (Fig.1) has the following geometry parameters a0= b0=2.48 mm, w=50 mm, t=10 mm. External loading is axial with a constant amplitude (Pmax=60 kN, R=0). The considered plate is made of the same material as in the previous one.
Since geometry, material and loading parameters are known, the stress analysis can be performed using finite element method. For this purpose six-node finite elements are employed [8-12]. Actually, step-by step for each increment of the crack length different meshes are modeled by applying super elements around the crack tip [13]. The simulated stress distributions for the plate with a quarter-elliptical corner crack are shown in Fig.4.a and Fig.4.b.
Furthermore, thanks to the stress analysis by applying FEM, the stress intensity factors are calculated for different crack lengths in depth and surface directions. The computed results for the stress intensity factors employing numerical approach (FEM) are compared with results obtained by applying analytical approach. The calculated results for stress intensity factors are listed in Table 1.
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Fig. 4 Stress distribution of the plate with a quarter-elliptical corner crack
((a) a  = b  = 2.48 mm, (b) a = b = 3.66 mm).
The comparison presented in Table 1 implies that proposed approaches give almost the same solutions for stress intensity factor. Due to previous fact both approaches for the stress intensity factor calculation can be used in crack growth analysis of the plate with a quarter-elliptical corner crack subjected to tensile loading.
Table 1 Comparison of the computed stress intensity factors using analytical and numerical method (Positions: A - ( =900, B - ( =00, M - ( =450)
	Step
	a=b
10-3 [m]
	KAFEM
[MPam0.5]
	KAAnal.

[MPam0.5]
	KBFEM

[MPam0.5]
	KBAnal.

[MPam0.5]
	KMFEM

[MPam0.5]
	KMAnal.

[MPam0.5]

	1
	2.48
	7.40
	7.88
	7.43
	7.99
	6.86
	7.65

	2
	3.66
	10.18
	9.96
	10.37
	10.26
	9.33
	9.68


5. CONCLUSION 
The fatigue growth behaviour under cyclic loading of the plate with a quarter-elliptical corner crack is numerically modeled. The proposed computational procedure includes the stress analysis and the crack growth estimation. The stress intensity factor is calculated applying analytical and numerical approaches. Singular six-nodes finite elements are emplyoed to simulate the stress field around the crack tip.

A good agreement between computed results and experimental data shows that computational procedure is adequate for the application in engineering practice for quarter-elliptical corner crack  configurations.
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