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Abstract: Output torque of the flywheel of the IC engine is the torque that engine produces and it serves to drive the vehicle. This torque varies during an engine cycle. The variability of output torque influences gas-pressure torque, torque due to motion of crank-slider mechanism masses, the torque required to drive the auxiliaries and the friction plus the valve train torque. The goal of this paper is to quantify the correlation between the crankshaft speed variation and output torque of the flywheel of the IC engine and the torque required to drive the auxiliaries and the friction plus the valve train torque. Output torque of the flywheel can be used for misfire detection.
Key words: output torque of the flywheel, the crankshaft speed variation, the friction plus the valve train torque, the torque required to drive the other auxiliaries
INTRODUCTION
The purpose of the IC engine is that it gives power to the flywheel that will be used further to drive the vehicles. Excitation torque that causes rotation of the crankshaft varies during an engine cycle, and it is the function of the angle position of the crankshaft. The instantaneous crankshaft speed is not constant; crankshaft speed varies during an engine cycle. This means that the torque which acts on the flywheel varies during an engine cycle. The term torque which acts on the flywheel or output torque of the flywheel is used for torque that the flywheel exerts on the input shaft of the gearbox. This torque is internal torque, and according to Newton's third law of action and reaction, these torques are equal. If we assume that parts which act on the flywheel (frictional coupling, gearbox, propeller shaft, etc.) are rejected, then we have to replace their impact with action torque at the flywheel. Experimental investigation was performed at steady state operating conditions, with the experimental four-cylinder engine running at different speeds and loads, both with uniform contributions of all cylinders. It is possible to investigate an IC engine and intransient operating conditions. It is a very difficult task to determine the differential equation of the crankshaft motion at the transient operating conditions. For this investigation experimental measurements are made at steady state operating conditions. A large amount of research has been conducted into correlation between the crankshaft speed variation and the instantaneous cylinder pressure [1, 2, 3, 4, 5, 6, 7, 8, 9, 10 and 11]. One of the main goals of this correlation is to determine the quality of combustion in each cylinder [3, 4, 7 and 10].
The lumped mass model was widely used with good results in estimating natural frequencies of the crankshaft and in predicting the speed variation of the crankshaft when the gas pressure torque was known [6, 7, 8 and 9]. The mass of the crankshaft is lumped in a certain number of rigid bodies (sometimes simply point masses) located at given stations in the deformable crankshaft. These lumped masses are then connected by massless fields that possess elastic, and sometimes damping, properties. The basic rule when creating a lumped mass system is that the kinetic and potential energy of the real and equivalent-lumped mass systems are equal [1, 11].
Cylinder pressure variation during an engine cycle is very large, which leads to torsional vibration of the crankshaft. Instantaneous angular speed of the equivalent mass of the crankshaft consists of rigid body motion of the crankshafts with angular speed variation and elastic deformation.
In order to determine the torque which acts on the crankshaft in engines with more cylinders, we need to know the following: crank angles (angular positions) of each individual lumped mass, the torque required to drive the auxiliaries and the friction plus the valve train torque. This approach is not possible because the angular position of each lumped mass cannot be determined or measured.
One way to solve this problem is to use a rigid body crankshaft model. Then, it is possible to determine the following together: the torque which acts on the flywheel and the torque required to drive the auxiliaries and the friction torque. This approach can be used when the engine load is not high, in the opinion of the authors of this paper, i.e. when the engine load is less than 50% of the maximum engine load. If we want to determine the torque which acts on the flywheel from the torque required to drive the auxiliaries and the friction torque separately, we have to know the following: moments of inertia of the rotor brake and parts that bind the flywheel with the rotor brake and coefficient brakes [14, 18].
The usual approach to create the equivalent system of the crankshaft is to assume that the torque of the brake is constant during the engine cycle and the moment of inertia of the rotor brake and elements that bind rotor brake and flywheel is added algebraically to the moment of inertia of the flywheel [6, 7, 8, 9, 14, 18, 20]. Hydraulic or electric brakes are used when testing the engine on the brake. Torque on the rotor hydraulic brake is function of the squares of the instantaneous angular speed of crankshaft, while the torque of electric brake is linear function of the instantaneous angular speed of crankshaft [14, 18]. Torque variation that acts on the flywheel consists of torque variation that acts on the brake rotor and torque variation of the inertial force rotating mass of the brake during engine cycle.
CRANKSHAFT DYNAMICS
The lumped mass model of the crankshaft, which is shown in Fig. 1, was studied. The crankshaft could be modeled as a rigid rotor having a mass moment of inertia equal to the mass moment of inertia of the crankshaft plus the corresponding mass moment of inertia of the reciprocating masses. The overall gas torque was obtained algebraically adding the gas torque of each cylinder. A typical design of the IC engine is a pulley at the free end of a crankshaft and flywheel on the opposite side of a crankshaft that transmits power to drive train. The crankshaft has one degree of freedom (DOF). A generalized coordinate is angular position of the crankshaft.
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Fig. 1 Simplified dynamic model of the crankshaft

The differential equation of motion for holonomic systems is the Lagrange equation of the second kind:

	 (1.1)






where  is generalized inertial force,  generalized conservative force,  generalized dissipative force and  generalized non-conservative external force. Conservative force does not exist because the crankshaft is rigid. The generalized external torque acting on the crankshaft represents the contribution of the overall gas pressure torqueb , the torque required to drive the other auxiliaries and the torque acting on the flywheel .

.	 (1.2)
The torque acting on the flywheel is constraint torque that brake exerts on the flywheel. The constant torque required to drive the other auxiliaries was determined together with constant friction torque because it is assumed that the constant torque that is measured on the brake is

,	 (1.3)



where is mean torque measured on the brake, the mean gas pressure torque and  mean friction torque and mean torque required to drive the other auxiliaries. Mean torque on the flywheel is equal to mean torque on the brake. Friction torque is in this work only modeled as viscous absolute damping. The procedure for determining the coefficient of friction is described in [9]. The coefficient of friction is determined based on the power that is measured on the brake and the constant part of the excitation torque. This definition of the friction coefficient is used as an absolute damping.
The kinetic energy of the lumped mass model of the crankshaft may be expressed as

,	 (1.4)

where  is the moment of inertia of the lumped mass model of the crankshaft.
The dissipation function has the following form

,	 (1.5)

whereis the absolute damping.
After substituting particular functional derivatives into the Lagrange equation (1.1) the equation of motion is obtained 

.	(1.6)

The motion of the lumped mass model of the crankshaft is observed as being composed of the motion of lumped mass with constant speed and the relative motion of lumped mass in relation to the common crank angle of uniform motion  of each lumped mass. The following relations, regarding angular position, angular speed and angular acceleration, can be expressed as

,	 (1.7)




where  is mean angular speed,  is time (a scalar quantity) while  is the angle of non-uniform motion of the lumped mass model of the crankshaft. All quantities, which are functions of the vector of the crank angle of uniform motion , may be approximated by a Taylor series. 



Expanding the functions  and  around  gives

.	 (1.8)

The equation (1.6), while omitting  as a lower-order term, yields a differential equation in the following form 

.	 (1.9)

Equation (1.9) takes into consideration the variability of the equivalent moment of inertia as well as the variability of torque with the angle of non-uniform motion. The given differential equation is differential equation with variable coefficients, i.e. the system is non-linear. For the purpose of practical analysis of the motion of the crankshaft, the equation (1.9) is linearized and becomes

,	 (1.10)

where  is the moment of inertia of the system with mean components which do not depend on the crank angle of uniform motion.
At steady state operating conditions the external torque and the crankshaft speed are periodic functions of the crank angle and may be expressed as Fourier series. The dynamic response of the crankshaft to the external torque may be determined by summing up the responses to each harmonic component of the torque.
Because equations of motion (1.10) give the relation between motion and torque, they can be used in two directions: solving the motion from the torque (forward or direct dynamics) or solving the torque from the motion (inverse dynamics). In this paper solving the torque from the motion is used. All the torques that cause rotation of crankshaft are not known. The variable torque required to drive the auxiliaries and variable constraint torque that brake exerts on the flywheel is not known and that can be determined from equation (1.10) indirectly

.	 (1.11)

Mean torque of friction is omitted from equation (1.11) because it does not influence the variable torque required to drive the auxiliaries and variable constraint torque on the flywheel. Equation (1.11) may be used for all harmonics from order ½....The authors wanted to determine variation torques  during an engine cycle. At steady state operating conditions, during an engine cycle, the torque required to drive the auxiliaries and the load torque are considered as constant by many researchers [3, 6, 7, 8, 9].
EQUIVALENT INERTIA
The inertia of the cranks and the reciprocating elements is lumped into a number (one for each crank) of moments of inertia (flywheels). The moments of inertia are then connected to each other by straight shafts, whose diameter is equal to the diameter of the relevant part of the actual shaft, or, more often, has a standard conventional value, and whose length is computed in such a way that the torsional stiffness of the equivalent shaft is as close as possible to the actual stiffness of the shaft.
[image: ]
Fig. 2 Sketch of the crank mechanism

Consider the crank mechanism sketched in Fig. 2. It is made of a disc, with a crankpin in A on which the connecting rod AB, whose center of mass is T, is articulated. The reciprocating parts of the machine are articulated to the connecting rod in B. The actual position of the center of mass of the reciprocating elements, which can include the piston as well as the crosshead and other parts, is not important in the analysis; in the following study this point will be assumed to be located directly in B. The kinetic energy of the system, shown in Fig. 2, is equal to the sum of the kinetic energies of individual elements

.	 (1.12)
A crank of the crankshaft OA rotates around point O and its kinetic energy is

,	 (1.13)

whereis the axial moment of inertia of the crank of the crankshaft OA for axis z that passes through point O.
The connecting rod performs planar motion and its kinetic energy is

,	 (1.14)




where is the mass of the connecting rod,  the speed of the center of mass of the connecting rod,  the axial moment of inertia of the connecting rod to the central axis passing through the center of gravity of the piston rod (point T) and  is angular speed of the connecting rod.
The piston B performs translational motion so that its kinetic energy is given by

,	 (1.15)


where  is the mass of the piston and is piston speed.


If the expression in addition to the generalized velocity in the expression for the kinetic energy of the system is marked with, it is called the equivalent inertia of the system, and based on the equation (1.12) obtains

,	 (1.16)
After mathematical transformations obtained, the final expression for the equivalent inertia of the system

	(1.17)

where ratio is .
CALCULATION AND MEASURMENT RESULTS
In order to study the dynamic characteristics of the IC engine, an experimental setup was made whose scheme is shown in Fig. 3a. The engine was instrumented with piezoelectric pressure transducers (AVL GH13P) flush-mounted on each cylinder head and a precision hollow shaft encoder (AVL 365C) mounted on the crankshaft at the free end. The zero point correction was done according to the AVL procedure. A8 channels data acquisition system was used to sample the measured data (AVL INDIMODUL). Experimental investigation of a four-stroke four-cylinder automotive diesel engine is used to validate the theoretical model developed in this paper (Table 1).
Table 1 Characteristics of the tested engine: PEUGEOT
	Property
	Symbol
	Value
	Unit

	Piston head area
	

	0.00567
	m2

	Crank radius
	

	43.55
	mm

	Length of the connection rod
	

	145.116
	mm

	Firing order
	
	1-3-4-2
	

	Piston mass
	

	0.888
	kg

	Moment of inertia of the crankshaft
	

	0.113453
	kgm2

	Cylinder capacity
	

	1997
	cm3

	Bore diameter
	

	85
	mm

	Stroke
	

	88
	mm

	Engine power/rpm
	

	100/4000
	kW/min-1

	Max engine torque/rpm
	

	320/2000
	Nm/min-1



[image: ]
Fig. 3. Experimental setup a) Sketch of measuring installations for measuring dynamic characteristics of the IC engine b) The lumped mass model





Fig. 4 shows the torque of inertial force of the crankshaft , the variable torque required to drive the auxiliaries and variable constraint torque that brake exerts on the flywheel , the friction torque , the gas pressure torque  and torque due to motion of crank-slider mechanism masses  at 1000 rev/min. The variable torque required to drive the auxiliaries and variable constraint torque that brake exerts on the flywheel are not great for a given engine speed. At lower engine speeds the variable torque required to drive the auxiliaries and variable constraint torque is smaller due to the smaller acceleration. The paper [20] did not taken into account the variability of torque at the flywheel and the variability of torque required to drive the auxiliaries in the reverse calculation of the pressure variation.
The reverse calculation of the pressure variation from the measured crankshaft speed is strongly influenced by the elastic characteristics of the crankshaft and the variable torque required to drive the auxiliaries and variable constraint torque. If the stiffness of the crankshaft is not accurately determined, the results are significantly distorted. Testing was performed at slow speed engine and it was noted that this assumption has not had a significant impact on results at lower engine speeds. At higher engine speeds, it was impossible to determine the reverse calculation of the pressure variation assuming the constancy of the brake torque.
[image: ]
Fig. 4 The torque of inertial force of the crankshaft, the variable torque required to drive the auxiliaries and variable constraint torque that brake exerts on the flywheel, the friction torque, the gas pressure torque and torque due to motion of crank-slider mechanism masses at 1000 rev/min







Fig. 5 shows the torque of inertial force of the crankshaft , the variable torque required to drive the auxiliaries and variable constraint torque that brake exerts on the flywheel , the friction torque , the gas pressure torque  and torque due to motion of crank-slider mechanism masses at 2200 rev/min. The variability of observed torque  is far greater at higher engine speed regimes. The torque at the flywheel is higher due to the greater acceleration of the crankshaft. Variable part of the friction torque is negligible compared to other variable torques acting on the crankshaft.
[image: ]
Fig. 5 The torque of inertial force of the crankshaft, the variable torque required to drive the auxiliaries and variable constraint torque that brake acts on the flywheel, the friction torque, the gas pressure torque and torque due to motion of crank-slider mechanism masses at 2200 rev/min
SUMMARY AND CONCLUSIONS
By applying a given mathematical model to the specific engine and after the analysis of the results, it can be concluded:
· The assumption that at steady state operating conditions, during an engine cycle, the torque required to drive the auxiliaries and the load torque may be considered as constant leads to errors in the analysis of results. This error can be determined when we try the reverse calculation of the pressure variation from the measured crankshaft speed.
· At lower engine speeds the variable torque required to drive the auxiliaries and variable constraint torque is smaller due to the smaller acceleration. When increasing the engine speed this torque is increased.
· Better results could be obtained if we used identification parameters because they would reduce the effect of measurement error. By changing the identification parameters, torque at the flywheel separate from the torque required to drive the auxiliaries may be determined. For this approach inertia and elastic characteristics of the system would have to be determined.
· Observation of the crankshaft as a rigid body, when testing high speed engines, is possible at low engine loads and at low engine speeds. It would be better if the variable friction was observed with varying torque required to drive the auxiliaries and torque at the flywheel collectively. At higher engine speed regimes torsional vibration of the crankshaft occurs even at a slight engine load. For test engine it has been observed that the crankshaft can be considered as rigid in engine load up to 50% of the maximum load and engine speed up to 2500 rev/min.
· The variable part of the friction force is negligible compared to the variable part of the torque at the flywheel and the torque required to drive the auxiliaries. In the present case, the assumption of viscous damping in the analysis of motion of the crankshaft is not the best approach. 
REFERENCES
[bookmark: _Ref408245792]Genta, G. Vibrations of structures and machine, 1993 (Springer-Verlag, Berlin).
[bookmark: _Ref408296608]Hafner, K. E. and Maass, H. Torsionsschwingungen in der Verbrennungskraft-maschine, 1985 (Springer- Verlag, Berlin).
[bookmark: _Ref408296636]Taraza, D. Quantifying relationships between the crankshaft’s speed variation and the gas pressure torque. SAE paper 2001-01-1007, 2001.
[bookmark: _Ref408296639]Taraza, D., Henein, N. A., and Bryzik, W. The frequency analysis of the crankshaft’s speed variation: a reliable tool for diesel engine diagnosis. Trans, ASME, J. Engng Gas Turbines Power, 2001, 123, 428–431.	
[bookmark: _Ref138730133]Taraza D., Accuracy Limits of IMEP Determination from Crankshaft Speed Mesurements,. SAE Paper No. 2002-01-0331, 2002.
[bookmark: _Ref408296684]Taraza D., Estimation of the Mean Indicated Pressure from Measurments of the Crankshafts Angular Speed Variation,. SAE Paper No. 932413, 1993.
[bookmark: _Ref137187782]Taraza, D., Possibilities to Reconstruct Indicator Diagrams by Analysis of the Angular Motion of the Crankshaft, SAE Paper No. 932414, 1993.
[bookmark: _Ref408245794]Schagerberg, S. and McKelvey, T. Instantaneous crankshaft torque measurements-modeling and validation. SAE paper 2003-01-0713, 2003.
Milašinović, A. Mathematical modeling and experimental investigation of nonlinear torsional vibrationof crankshaft of IC engine. PhD Thesis, University of Banja Luka, Bosnia and Herzegovina, April 2007.
[bookmark: _Ref408245805]Taraza, D., Henein, N. A., and Bryzik, W. Determination of the gas-pressure torque of a multicylinder engine from measurements of the crankshaft’s speed variation. SAE paper 980164, 1998.
[bookmark: _Ref408296430]Filipović, I. IC engine dynamics and vibration. Faculty of Mechanical Engineering, University of Sarajevo Sarajevo, Bosnia and Herzegovina, 2007.
Bombek, G., Milainović, A., Filipović, I., and Hribernik, A. Determination of torsional vibrations of a diesel engine crankshaft. In Proceedings of the Conference on Innovative automotive technology (IAT’05), Bled, Slovenia, 21–22 April 2005, pp.236–242 (University of Ljubljana, Ljubljana).
[bookmark: _Ref408296741]Milašinović, A., Filipović, I., Hribernik, A.: Contribution to the Definition of the Torsional Stiffness of the Crankshaft of a Diesel Engine Used in Heavy-Duty Vehicles, Proc. ImechE, Part D, Journal of Automobile Engineering, Volume 223, Number 7/2009, pp. 921-930.
[bookmark: _Ref408245828]Rakopoulos, C. D., Giakoumis, E. G., and Dimaratos, A. M. Evaluation of various dynamic issues during transient operation of turbocharged diesel engine with special reference to friction development. SAE paper 2007-01-0136, 2007.
[bookmark: _Ref408245831]Brusa, E., Delprete, C., and Genta, G. Torsional vibration of crankshafts: effects of non-constant moments of inertia. J. Sound Vibr., 1997, 205(2), 135–150.
[bookmark: _Ref408297205]Taraza, D., Henein, N., and Bryzik, W. Friction losses in multi-cylinder diesel engines. SAE paper 2000-01-0921, 2000.
[bookmark: _Ref409361031]Taraza, D., Henein, N. A., Gade M.J. and Bryzik, W. Cylinder Pressure Reconstruction From Crankshaft Speed Measurement in a Four-Stroke Single Cylinder Diesel Engine, ASME 2005 Internal Combustion Engine Division Spring Technical Conference, Chicago, Illinois, USA, April 5–7, 2005, Paper No. ICES2005-1023, pp. 387-395;
[bookmark: _Ref408575912]Rakopoulos, C. D., Giakoumis, E. G., and Dimaratos, A. M. Study of crankshaft torsional deformation under steady-state and transient operation of turbocharged diesel engines, Proc. ImechE, Part K: J. Multi-body Dynamics, Vol. 222, pp. 17-30.
[bookmark: _Ref408245838]Chen, S. K. and Chen, S. Engine diagnostics by dynamic shaft measurement: a progress report. SAE paper 932412, 1993.
Milašinović A., Filipović I., Milovanović Z., KneževićD.: Determination of the Engine Torque of a Four Cylinder Four Stroke Diesel Engine on the Basis of Harmonic Analysis of the Crankshaft Angular Velocity, Transactions of Famena, University of Zagreb, Volume 35, No.4,55-63, Zagreb, 2011.

12

11

oleObject44.bin

image48.wmf
B

v


oleObject45.bin

image49.wmf
(

)

2

1

2

k

EJ

aa

=

&


oleObject46.bin

image50.wmf
(

)

J

a


oleObject47.bin

image51.wmf
(

)

22

2

1223

222

OT

TB

vv

JJmJm

b

a

aaa

=+++

&

&&&


oleObject48.bin

image52.wmf
(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

2

2

22

12

22

2

22

2

23

22

22

sin

'''

cossincos

1sin

cossin

sincos

1sin

1sin

O

T

ss

JJmr

ll

Jmr

la

aaaa

la

lala

aa

la

la

æö

æö

æö

ç÷

ç÷

=++++

ç÷

ç÷

ç÷

èø

-

ç÷

èø

èø

æö

ç÷

+++

ç÷

-

-

èø


image2.jpeg




oleObject49.bin

image53.wmf
r

l

l

=


oleObject50.bin

image54.wmf
k

A


oleObject51.bin

image55.wmf
r


oleObject52.bin

image56.wmf
l


oleObject53.bin

image57.wmf
3

m


image3.wmf
 ,

l

dTTV

dt

t

aaaa

¶¶¶¶F

æö

-=--+

ç÷

¶¶¶¶

èø

&&


oleObject54.bin

image58.wmf
2

T

J


oleObject55.bin

image59.wmf
V


oleObject56.bin

image60.wmf
d


oleObject57.bin

image61.wmf
s


oleObject58.bin

image62.wmf
/

Pn


oleObject1.bin

oleObject59.bin

image63.wmf
/

Tn


oleObject60.bin

image64.jpeg
b)

B
8 5L B
=g L 2
ERS) E= 2
g g S b £ o
S = B 5 | — [__Toj01o0eq
g =8 =,
==l (i
21V .m W
| Slg s R
Q anbioy, ol |
& - K
00d . =
poacs o e ToaymAJJ
2Inssalg .
g 5 - i 1opur[Ado
5 amssarg |7 & - " puy
£ o 3 Joput]£o
m amssalg U0 = put
3 ol = 52 Jopur[£o
51 AINSSAI =~
m ~' Jopur[£o
A . .
g S ~ Kand
2 :
= =
5 5|
O




image65.wmf
mean

J

j

&&


oleObject61.bin

image66.wmf
Afly

tt

+


oleObject62.bin

image67.wmf
k

j

&


oleObject63.bin

image4.wmf
dTT

dt

aa

¶¶

æö

-

ç÷

¶¶

èø

&


image68.wmf
g

tot

t


oleObject64.bin

image69.wmf
(

)

(

)

2

0

0

0

1

2

dJt

dt

w

w

w


oleObject65.bin

image70.emf
0 100 200 300 400 500 600 700

-400

-200

0

200

400

600

800

1000

Stepeni KV

Moment Nm

 

 

The torque of inertial force of the crankshaft: J

mean

 



The variable torque required to drive the auxiliaries and variable constraint torque: 



 

A

+



 

fly

The friction torque: k 



The gas pressure torque: 



totg

+dJ(



0

t) /d(



0

t)



0

2


oleObject66.bin

oleObject67.bin

image71.wmf
k

j

&


oleObject68.bin

image72.wmf
g

tot

t


oleObject2.bin

oleObject69.bin

oleObject70.bin

oleObject71.bin

image73.emf
0 100 200 300 400 500 600 700

-400

-200

0

200

400

600

800

1000

1200

Stepeni KV

Moment Nm

 

 

The torque of inertial force of the crankshaft: J

mean

 



The variable torque required to drive the auxiliaries and variable constraint torque: 



 

A

+



 

fly

The friction torque: k 



 

The gas pressure torque: 



totg

+dJ(



0

t) /d(



0

t)



0

2


image5.wmf
V

a

¶

¶


oleObject3.bin

image6.wmf
a

¶F

¶

&


oleObject4.bin

image7.wmf
l

t


oleObject5.bin

image8.wmf
g

tot

t


oleObject6.bin

image9.wmf
fly

t


oleObject7.bin

image10.wmf
g

ltotAfly

tttt

=++


oleObject8.bin

image11.wmf
0

ltotg

meanmean

k

ttw

=-


oleObject9.bin

image12.wmf
l

mean

t


oleObject10.bin

image13.wmf
totg

mean

t


oleObject11.bin

image14.wmf
0

Af

meanmean

k

wtt

=+


oleObject12.bin

image15.wmf
(

)

2

2

J

T

aa

=

&


oleObject13.bin

image16.wmf
(

)

J

a


oleObject14.bin

image17.wmf
2

2

k

a

F=

&


oleObject15.bin

image18.wmf
k


oleObject16.bin

image19.wmf
(

)

(

)

2

1

2

g

totAfly

dJ

Jk

d

a

aaaattt

a

++=++

&&&&


oleObject17.bin

image20.wmf
0

t

w


oleObject18.bin

image21.wmf
(

)

(

)

(

)

(

)

(

)

(

)

0

0

ttt

tt

tt

awj

awj

aj

=+

=+

=

&&

&&&&


oleObject19.bin

image22.wmf
0

w


oleObject20.bin

image23.wmf
t


oleObject21.bin

image24.wmf
(

)

t

j


oleObject22.bin

image25.wmf
t

w

0


oleObject23.bin

image26.wmf
(

)

(

)

,

dJ

J

d

a

a

a


oleObject24.bin

image27.wmf
(

)

l

ta


oleObject25.bin

image28.wmf
0

t

w


oleObject26.bin

image29.wmf
(

)

(

)

(

)

(

)

(

)

(

)

(

)

00

2

0

0

2

0

0

0

22

00

()

()

()

2

gg

tottot

JJtJt

dJdJt

dJt

ddt

dt

t

awjw

aw

w

j

aw

w

tatw

awwj

=+»

»+

»

»+

&&


oleObject27.bin

image30.wmf
2

0

0

2

0

()

()

dJt

dt

w

wjj

w

&


oleObject28.bin

image31.wmf
(

)

(

)

(

)

(

)

2

22

00

0

00000

2

000

()

11

()

2()2

g

totAfly

dJtdJt

dJt

Jtkk

dtdtdt

ww

w

wjjwjwjww

www

ttt

+++=--

++

&&&&


oleObject29.bin

image32.wmf
0

()

Jt

w


oleObject30.bin

image33.wmf
(

)

(

)

2

0

00

0

1

2

g

meantotAfly

dJt

Jkk

dt

w

jwwj

w

ttt

=--

++-

&&&


oleObject31.bin

image34.wmf
mean

J


oleObject32.bin

image35.wmf
(

)

(

)

varvarvar

2

0

0

0

1

2

g

Aflymeantot

dJt

Jk

dt

w

jwj

w

ttt

=+-

++

&&&


oleObject33.bin

image36.wmf
varvar

Afly

tt

+


oleObject34.bin

image37.jpeg




image38.wmf
123

kkkk

EEEE

=++


oleObject35.bin

image39.wmf
2

11

1

2

k

O

EJ

a

=

&


oleObject36.bin

image40.wmf
1

O

J


oleObject37.bin

image41.wmf
22

222

11

22

kT

T

EmvJ

b

=+

&


oleObject38.bin

image42.wmf
2

m


image1.jpeg




oleObject39.bin

image43.wmf
T

v


oleObject40.bin

image44.wmf
2

T

J


oleObject41.bin

image45.wmf
b

&


oleObject42.bin

image46.wmf
2

33

1

2

kB

Emv

=


oleObject43.bin

image47.wmf
3

m


