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NUMERICAL SOLUTION OF MATHEMATICAL MODEL FOR FLUID FLOW AND HEAT TRANSFER PROCESSES IN PLATE HEAT-EHCHANGER BASED ON STREAMLINE – VORTEX METHOD 
Cvete B. Dimitrieska 
, Igor Andreevski, Sevde Stavreva, Sanja P. Vasilevska,

Summary: Analytical solving of the equations’ system defining the fluid flow and heat transfer processes in a plate heat-exchange wherein the equations belong to the group of elliptical and parabolic ones together with the postulated boundary and initial conditions, represents a solution seldom encountered in a closed form. Hence the necessity of solving the system numerically, i.e. the need to perform a discretization of the equations. 

When the equation systems concern specific engineering problems, especially ones having to do with solving of two-dimensional stationary problems, it is recommendable to solve the elliptical differential equations by means of applying a deduced method, to with, the Poisson’s formulation of streamline-vortex 
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,
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, in a general two-dimensional form. 
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1. INDRODUCTION
When systems of equations concern specific engineering problems, especially ones involving two-dimensional stationary problems with simultaneous ongoing of fluid flow and heat exchange processes in a plate heat-exchanger, it is recommendable to solve the elliptical differential equations applying a deduced method, i.e. the Poisson's formulation of streamline-vortex 
[image: image4.wmf]y

,
[image: image5.wmf]w

, [3], [5], [6], in a general two-dimensional form. 


This manner of solving takes into consideration the alteration of the velocity components whilst streaming through the vortices 
[image: image6.wmf]w

 and the streamlines
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.

The vortex vector is defined as follows, [3]:  
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By using of the Cauchy - Riemann conditions for the velocity potential, [3]:
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concerning two–dimensional stationary fluid flow simultaneously with existing vortex, by using the continuity equation the following equation as to the scalar vortex and streamline is being accomplished:
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(3)

 The equation (3) is a parabolic differential equation, well-known as vortex-transport equation, [3].

By ordering of the equations (2) and (3), the streamline equation is obtained:
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Substituting the variables, in the first place the elimination of the pressure from the basic equation system is possible (which is often problem), and then a second step follows of dividing of the elliptic- parabolic incompressible equations into one parabolic and one elliptic equation. Those equations are preferably solved by using the following procedure:

1. Assigning of initial values for 
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 and
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;


2. Solving of the vortex – transport equation;


3. Solving of the Poisson’s equation for 
[image: image16.wmf]y

 in all points, by using the new 
values for 
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 at the interior points;


4. Determination of boundary value for
[image: image18.wmf]w

 by using the values for 
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 and 
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 at
the interior points;


5. Going back to step 2 if the solution does not converge;

6. Determination of velocity components u and v.


The above represents an introduction onto the further solving, that is, obtaining the pressure and temperature values, for the calculated velocity values both in x and y directions for a defined area under known boundary conditions. 
2. SOLUTION OF THE MODEL

To solve equations systems based on such formulation of the problem, two methods are feasible. The direct methods wherein Gauss method of elimination and Cramer rule belong, are characterized by an enormous number of arithmetical operations requiring a lot of time to obtain a specific solution. On the other hand, the iterative methods are much simpler  for programing, the calculation takes less time and have satisfactory accuracy, [2], [3].


According to [5], [6] the known iterative methods for numerical solution of elliptical differential equations system, i.e. for the determination of streamline - velocity potential are employed: Jacobi iterative method, point iterative method Point Seidel, linear iterative method, Line Siedel and ADI method (Alternating Direct Implicit Method).


Under defined initial and boundary conditions for fluid flow environment, the ADI method was used, since it is most adequate in respect to fluid flow in a channel with rectangular cross section and defined contour.

 In conformity with the chosen ADI method for calculation of stationary two-dimensional problems, the solving of elliptical equations’ system is similar to the solving of parabolic equations system. The solving of the Poisson’s equation amounts to the approximation of streamline 
[image: image21.wmf]y

 derivation of second order, based upon the method of finite differences:
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(5)

By summing up the equations in (5) and equalizing with (4), providing that 
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, the finаl form of Poisson’s equation is obtained:
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(6)

Thereby, the value of streamline 
[image: image25.wmf]y

 in node i, j depends on the values of neighboring nodes in its area (fig. 1), and the value of the vortex 
[image: image26.wmf]w

 in the node. Applying the Gauss – Seidel iteration and TDMA method (Tridiagonal Matrix Algorithm Method), the solution of the problem is being tackled.

In the TDMA form, the equation (6) amounts to:
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(7)


Written in general form, by introduction of general variable u, the equation (7) acquires the form:
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where 
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and 
[image: image30.wmf]i

d

are coeficients of the finite differences equation.
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Fig. 1 Diagram of 2D finite differences in Poisson’s formulation


That method is similar to the Gauss elimination, being much more accurate. By introduction of dependence, [3]:
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whereupon:
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The procedure is reduced to numerical solving and attaining the values for
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 at any interior point whatsoever in the area of interest. We start from line i=2, bearing in mind that the constant di in three-diagonal equation is composed of known values for 
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. By using of TDMA new value for 
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 is attained. The procedure is repeated for i=3, using the values for 
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 for assumed or previously calculated value for
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. The procedure is repeated step by step, line by line, until exiting  the channel. 

During the calculation the criteria for convergence from old to new value must be observed, making allowances for the definied value of the permissible error 
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Based on the same analogy, the values of vortices in all nodes of the generated grid are calculated. But one must bear in mind that streamlines and vortices are interdepended. 
2.1 ADI METHOD 

            According to the ADI method, the computation of the main parameters’ values: velocity and pressure, amounts to aritmetical solving of the newly created system of equations. 


For calculation of the velocities two equations are being used :
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(12)

for given value of initial velocity in the module of examination.


As to the pressure computation, the following equations are in use, [3], [5], [6]:


[image: image43.wmf](

)

)

)(

,

(

2

4

1

2

2

1

,

1

,

,

1

,

1

1

,

f

e

d

j

i

x

p

p

p

p

p

n

j

i

n

j

i

n

j

i

n

j

i

n

j

i

-

×

D

+

+

+

+

=

-

+

-

+

+

y


(13)

whence:
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for known initial value of pressure p, and for given temperature t.

The calculation of the energetic equation, i.e. obtaining of two–dimensional temperature fiеld, is being conditioned by explicit knowledge of the velocity values in both x and y directions in any given node of the generated grid. The energetic equation by its nature  is a parabolic differential equation, whose solving is not unknown in view of the many engeneering problems in literature, [3] and [4]. 


The two–dimensional temperature field is attained using the values of the local convective heat transfer coeficients in dependance on the local velocity values, that is, on the local Re number in any given node of the generated grid. For known input fluid temperature and inside plate temperature (both temperatures are measurable), the termophysic characteristics are  being determined, the Pr number is calculated, and thus the Nu number value is being obtained, i.e and the convective coefficient. A lot of empirical and semiempirical relations exsist regarding the forced turbulent flow of uncompressible heated fluid (20-300 oC) in chanel with rectangular cross-section between two parallel plates, [1], [3], whereas in this paper the following relations are in use:
· the local Re number for channel flowing:
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Hence, w(i,j) is the resultant local velocity of the fluid in any node whatsoever, 
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is the characteristic destination between parallel plates, 
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is the kinematic fluid viscosity for initial input temperature to:

· the local Nu number based on [1], [3] is as follows:
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Hence, 
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 is the corection having to do with the channel geometry and Re number, the 
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 for fluid temperature both on the interior and exterior side of the plate. Hence, for known thermophysic characteristics of the fluid for wall temperature, the 
[image: image52.wmf])

Pr(

oz

t

number is defined as follows:



[image: image53.wmf])

(

)

(

)

(

)

(

Pr

oz

oz

oz

p

oz

z

t

t

t

c

t

l

h

=







(17)


Where 
[image: image54.wmf]p

c

is the specific heat under constant pressure, 
[image: image55.wmf]h

 is dynamic vicsosity, 
[image: image56.wmf]l

heat conductivity for fluid temperature on the interior side of the plate.


The local heat transfer coefficient is calculated  thus:



[image: image57.wmf]d

l

e

a

)

(

)

(

Pr

)

Pr(

)

Pr(

)

,

Re(

021

.

0

)

,

(

25

.

0

43

.

0

8

.

0

o

oz

z

o

o

l

t

t

t

t

j

i

j

i

÷

÷

ø

ö

ç

ç

è

æ

=



(18)

For known measurable values of fluid and plate temperatures on both interior and exterior sides of the module, as well for known thickness and heat conductivity of the plate material, the constant heat transfer flux is defined as:
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The heat transfer is in the following directon in conformity with:
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Hence, 
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is the local heat convective coefficient of the heated gass on the interior side of the plate; 
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 is the local convective coeficient of heat transfer on the exterior side of the plate streaming towards the gass with lower temperature; 
[image: image62.wmf])

,
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, is the temperature of the fluid on the interior side with the higher temperature towards which the hot gass is streaming; 
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,
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is the temperature of the fluid with lower temperature; 
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 is the conductive coefficient of the metal plate; 
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d

thicknees of the metal plate barrier. 


For initial values of the inlet fluid temperature both on the interior and the exterior side, as well as for temperatures of the plate on both sides, under computed local values of the coefficients for heat transfer, the local values of the fluid temperature in any nodes whatsoever on the both sides are being calculated. 


Because the calculation begins based upon the assumed value of the inlet fluid temperature, employing the numerical iterative calculation by defined pace and accuracy, a correction of the values is carried out  until the real value of the node temperature is attained. 

Under conditions of by-flow around the flat plate, the local heat transfer coefficients are calculated as follows:
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By using the known values for the local heat transfer coefficients and the known temperature difference both on internal and external side of the plate, the local values for the heat power of the heat exchanger in any nodes whatsoever of the grid  are being obtained:
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Hereby the calculation procedure for determining the local values of velocity, pressure, temperature in any nodes whatsoever of the generated grid on both sides of the research module can be computed. 

3. CONCLUSION
The postulated mathematical model in discretisized form is adjusted to the numerical form for the purpose of its programme addressing.

The local temperature values in any node of the grid, for known velocity field and known pressure values, are calculated according to already known procedure. For known values of Re and Nu numbers, i.e. for defined local values of heat transfer coefficients, under known thermophysical fluid characteristics both of the fluid and the barrier for temperature values at the inlet to the interior and interior side of the module which performs like plate heat-exchanger, as well as for wall temperatures on both sides, the temperature distribution per each node is being attained.

The iterative procedure is repeated until satisfactory accuracy of the temperature values is achieved. 
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