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Summary: This paper presents analytical mathematical model for determination of the axial stiffness of ball bearings with angular contact. The first part of paper presents a model that consider the changes in stiffness, bearing contact angle and contact load depending on axial loads, while not taking into account the effecsts of the inertial forces. The second part of the paper presents a model based on John-Harris's quasistatic equilibrium equations and Hertz's contact theory. This model takes into account the inertial forces (centrifugal force and gyroscopic moment), non-stationary changes of contact load, angle of contact and bearing stiffness depending on the position of rolling bodies and axial load. Finally the developed models are compared with the Palmgren's model and numerical bearing model defined by finite element method. Based on a comprehensive analysis of the results it was concluded that at lower RPM the inertial forces do not have a significant impact on the axial stiffness, while at higher RPM has a significant effect on the axial stiffness.
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1. INTRODUCTION 
Ball bearings with angular contact, due to the low coefficient of friction and economical maintenance [6], are the most commonly used types of bearings for main spindles of high speed machine tools. Contact forces in the bearing are composed of four linked components: initial axial preload, thermal preload, external loads and inertial forces (eg, centrifugal force). In general, in ball bearings distribution of the contact load on rolling elements is uneven. The degree of unevenness and the number of rolling elements that transmit the external loads in ball bearings depends on the direction and intensity of the external load, material characteristics, geometry of bearing elements, the deviations of form and position of coupled bearing elements, as well as the size of gaps/overlaps.
In the case of angular contact bearing, in addition to the foregoing, when transferring the force from the outside to the inner ring or vice versa, the rotation of force attack line for the size of the contact angle should be taken into account. Consequently, when transferring the radial forces, in the bearing are generated axial forces which additionally loads the bearing [4]. Increasing force axial loads provides increased contact load between the balls and rings, which leads to increased stiffness of the bearing. However, increasing the bearing rotational speed leads to an increase of inertial forces in bearing, which leads to a reduction of his stiffness.

There are two main reasons for the reduction in bearing stiffness due to the centrifugal force. First, the effect of centrifugal force on the balls, reduces the contact load between the balls and the outer ring, causing the Hertz's contact stiffness to be proportional to the contact load. The second reason lies in the fact that the centrifugal forces leads to changes of the contact angle between the balls and the outer and/or the inner ring. This leads to an increase in contact angle to the inner and to a reduction of the contact angle with the outer ring [2].
2. MATHEMATICAL MODELS OF BEARING
The bearing can be illustrated in a simple manner, as shown in Figure 2 [8]. The bearing's ability to transfer load largely depends on its inner geometry. Also, Figure 2 shows that the initial contact angle can be defined by the line which goes through the contact points of the ball and the raceway, with the plane orthogonal to the bearing rotation axis. In the instance of zero load, the centers of the raceway groove curvature radii are separated by a distance A= ri+ro-2db as shown in Figure 2a. Figure 2b shows the relative angular position of the ball.
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Fig.1 a) Parametars of a ball bearing. b) Angular position of the ball [8].
2.1 MODEL WITHOUT INERTIAL FORCE
Due to axial load, the distance between the centers of the groove curvature radii (A) increases by the initial contact deformation δn. The initial contact deformation and the axial displacement δa due to axial load Fa can be seen on Figure 3. In this figure, the assumption is that the outer raceway curvature center C0 is fixed. The axial load Fa causes axial displacement of the inner raceway curvature center from Cii to Ci(1). Therefore, there is an increase in the nominal contact angle from α0 to α1 (the contact angle after axial load).
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Fig.3 The ball bearing under applied axial load
Axial load Fa applied to the inner ring as shown in Fig 2 causes an axial displacement δa. The axial displacement is component of normal displacemnet along the line of contact and according to Figure 2 it can be determined as 4[]
:
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Ball bearing subjected to centric axial load have the load distributed equally among the rolling elements. Hence,
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If taken that to the Hertz contact theory Q=Kn* δn1.5 , then obtained a relation for determining the change of the angle of contact due to axial loading as 4[]
,:
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(3)
This paper proposes, based on Harris's equation in 4[]
, that the contact angle after axial load α1 is formulated through cosα1 9[]
:
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(4)
This way allows for stability and function convergence that largely depends on initial conditions. The previous relation in the paper was solved through the iterative process in the Matlab program, with the initial condition being α1(0) = α0. The axial displacement correspoding to δn may also be determinated form Fig. 2 as:
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After determining of the angle contact and the axial displacement center bearing, the non-linear axial stiffness of the ball bearing, under applied the axial load, is obtained through the relation 4[]
:
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2.2 MODEL WITH INERTIAL FORCE
While under effect of inertial forces on the ball, and due to difference in contact angles between the ball and the raceway, the line of action between the raceway groove curvature centers will not be collinear with A, as can be seen on Figure 4a. On Figure 4a, it is assumed that the outer raceway groove curvature center (Co) is fixed in space, and that the center of inner raceway groove curvature (Ci1) is relatively moved when compared to the fixed center.
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Fig.4 (a) Position of ball center and raceway curvature centers with and wtihout applied axial load, (b) Ball loading at angular position (j
When the bearing is deformed due to the external static and thermal loads, the distance between the inner raceway curvature centers and the new position of the center of the ball, and the distance between the outer raceway groove curvature centers and the new position of the ball are [8].:
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In accordance with Figure 4, the radial and axial distance between the position of raceway curvature centers is:
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From Figure 4a, the equation of kinematic constraints between the ball and the raceway can be established:
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(9)

Ball equilibrium equation from Figure 4b is:
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The gyroscopic moment and centrifugal force of a ball can be expressed as follows 5[]
:
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The method of determining the angular velocity of the ball (ωb) and the angular velocity of the cage (ωc) is shown in papers 6[]
, 5[]
 in greater detail.

The relation between Hertz's contact forces and contact deformation for each point of contact with the inner/outer raceways can be written as [3]: 
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Four parameters X1j, X2j, (i(j), (o(j) were obtained by solving the relations (9), (10) through the use of Newton-Raphson's method for every position of the ball, with the assumed values of relative ring displacement ux. Permissible error with Newton-Raphson's iterations is 10-12. To determine the relative ring displacement for known external load, the equations for applied force on bearing rings are:
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After obtaining the primary unknown ux from the previous equation, new values for X1j, X2j, (i(j), (o(j), must be re-established to be compatible with the primary values.
Since the inertial force of bearing elements affect the balls, an uneven distribution of contact forces and an uneven contact angle change occurs. The consequence of the aforementioned is the uneven distribution in bearing stiffness, depending on the position of the ball. Therefore, the axial (Ca) bearing stiffness is the derivatives of force about the displacemnet [1]:
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3. RESULTS AND DISCUSSION
Analysis of axial stiffness, and comparison of the results with the Palmgren's model (PA) and numerical model based on finite element method (FEM model) was carried out on the hybrid bearing SKF 7011 CDGA/HC P4. The analysis covered changes in stiffness for the axial loads Fa = 1000 - 5000 [N] in the steady state and for speeds  n = 0 to 11200 [rpm]. Axial load is determined on the basis of the maximum torque that can be transferred with ISO tapered inner surface of the main spindle, which is supported with mentioned bearing in front support. Number of revolutions are defined based on the recommendation from the bearing manufacturers.
Table T1 shows the changes of axial stiffness for observed bearing determined by a mathematical model with and without consideration of the inertial forces in steady state at n = 0 [rpm].
The axial stiffness is significantly increased by increasing the axial load, and in this case the axial load acts as the preloading force.
In the stationary state, at n = 0 [rpm], contact load is evenly distributed to all rolling elements, where the contact angle between balls and outside and inside ring are the same.
Table T1. Change in axial stiffness of ball bearing with angular contact determined by developed model
	Axial load Fa [N]
	Axial stiffness of the bearing Ca [N/µm]

	
	Mathematical model of the bearing

	
	without inertial
	with inertial

	1000
	79,7
	78,3

	2000
	115,4
	108,9

	3000
	136,5
	133,1

	4000
	152,6
	152,3

	5000
	171,4
	

173,5


Since axial stiffness in the model with the consideration of the inertial forces are combination of contact stiffness with internal and external ring, the results of these two models are approximate. Deviations that occur in Table T1 are the result of different approaches to solving analytical equations.
Table T2 Change in axial stiffness of ball bearing with angular contact at n≠0 
	Bearing speed
rpm
	Axial stiffness of the bearing Ca [N/µm]

	
	Axial load Fa [N]

	
	1000
	2000
	3000
	4000
	5000

	2800
	78.2
	108,9
	133,1
	152,2
	173,1

	3550
	67,8
	107,8
	129,5
	150,1
	170,5

	4000
	65,9
	107,0
	127,1
	143,2
	150,5


	5000
	63,6
	103,3
	124,2
	135,8
	144,3

	6000
	50,2
	101,8
	123,5
	135,4
	144,0

	7000
	34,9
	90,6
	120,9
	133,8
	142,8

	9000
	28,2
	83,0
	115,0
	129,6
	139,8

	11000
	22,0
	81,1
	109,5
	126,0
	137,2


To determine the limits of usage of simple models for the stiffness analysis (models that do not take the influence of inertial forces) in the table T3 are compared developed models with and without consideration of inertial forces with Palmgren's model, which is today widespread.
It is also performed a comparison with results obtained by numerical method based on finite element method [7]. In the stationary state at n = 0 and at lower number of revolutions when there is no influence of the inertial forces, there is a very small (insignificant) differences in the results between the developed mathematical models and Palmgren's model, as can be seen from the tables T1 and T3. Slightly bigger difference can be seen between the developed mathematical models and FEM bearing models, which can be due to an insufficient number of finite elements which defines the bearing geometry and the contact pairs between the rolling elements and the bearing rings.
Table T3. Comparison of the axial stiffness determined by different mathematical models
	Axial load Fa [N]
	Axial stiffness of the bearing Ca [N/µm]

	
	Mathematical model of the bearing

	
	without inertial
	with inertial
	Palmgren [7].
	FEM model [7].

	1000
	79,7
	78,3
	76,9
	71,8

	2000
	115,4
	108,9
	110,4
	104,4

	3000
	136,5
	133,1
	131,5
	121,2

	4000
	152,6
	152,3
	153,2
	142,6

	5000
	171,4
	173,5
	165,5
	158,2


On the other hand from the table T2. and from Figure 5, it can be concluded that increasing the number of revolutions causes a significant decrease in of axial stiffness. Increase of axial load acts as the preloading force and in some way compensate the decline of axial stiffness of the bearing. It is clear that increasing the of axial load, increase the number of rolling elements that transmit the load, which leads to more uniform distribution of contact load, whereby the axial load must not exceed the static and dynamic bearing capacity. Because of this at higher rotational speed difference between axial stiffness determined by a model with considering of the inertial forces and other mathematical models is significant, and at higher number of revolutions impact of inertial forces can not be ignored in determining the of the bearing axial stiffness.
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Fig.5 Change of axial stiffness depending on the number of revolutions and axial loads for considered bearing type
Based on the above it can be concluded that for determination of of axial stiffness in steady state and at speed factor dm*n≤3.7*105 inertial forces do not have a significant effect on the axial stiffness of the bearing and may be ignored, while at higher speed factor inertial forces significantly affect the axial stiffness.
4. CONCLUSION 

This paper presents mathematical models for determination of the axial stiffness of ball bearings with angular contact with and without consideration of the inertial forces. The results obtained by the mathematical model were compared with Palmgren's model and FEM model. 

Based on analysis of results it was concluded that the maximum axial stiffness occurs in a stationary state. It was also concluded that in steady state and at low numbers of revolutions inertial forces have no significant effect on axial stiffness, while at higher numbers of revolutions inertial forces significantly affect the axial stiffness. There are two main reasons for the reduction in bearing stiffness due to the inertial forces. The first reason is because the centrifugal forces reduce the contact load between rolling elements and the inner and outer ring. Since the Hertz's contact stiffness is proportionally to contact load, stiffness of external rolling path will be declining while the stiffness of the inner rolling path will grow with an increase of the number of revolutions. Another reason for the decrease of stiffness lies in the fact that due to the inertia force there is a difference in contact angle between rolling elements and outside and inside ring. By increasing the number of revolutions, there is a rise of the inertial force intensity, which will cause an increase of contact angle between rolling elements and the inner or decrease of the contact angle between rolling elements and the outer ring, which leads to a decline of stiffness in all directions.
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