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Summary: The paper analyses the free vibrations problem of simply supported laminate plates. The problem is being considered applying third-order shear deformation theory. Navier’s forms of solutions of partial differential equations have been used for obtaining results. Theoretical assumptions for using this theory are given, as well as the process of obtaining matrices which are created as a result of stacking layers in a laminate. The paper considers cross-ply laminates with angles of layers orientation of  or  in relation to the x axis of the adopted coordinate system. The results for symmetric and anti-symmetric laminate plates are given in tabular and diagram form. The influence of geometric characteristics of the plate as well as the influence of the material elasticity module are presented. The solutions have been obtained in the software package Matlab using symbolic and numerical programming. The results have been verified by the results presented in the papers based on high-order shear deformation theories.
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1. INTRODUCTION 

Use of composite materials is growing in aircraft industry, mechanical and civil engineering as well as in automobile industry etc. Generally, behaviour of composite laminate plates or shells under mechanical loading can be analyzed using 3D elasticity theory or equivalent single layer theories (ESL). ESL models have been developed from the 3D elasticity theory with relevant assumptions on the kinematics of deformation or the state of stress along the thickness of the laminate plate or shell. Having in mind that ESL theories are developed from the 3D theory they can be considered to be approximative theories with wide application.

Aiming to eliminate the shortcomings of the classical plate theory (CPT)[1] and first-order shear deformation theory (FSDT)[2], many authors have taken into consideration shear deformation effects, by nonlinear distribution of plane displacements along the thickness of the laminate plate. Some authors have tried to solve the problem relating to correction factors by introducing shear deformation shape functions [3-9]. This paper considers the problem of free vibrations of simply supported laminate plates by applying third order deformation theory. 

2. THEORETICAL ASSUMPTIONS 

Geometrical non-linearity, in high-order shear deformation theories, is defined by the assumed displacements in the form of third-order polynomial functions at coordinate z. The aim is to obtain simpler and less mathematically demanding functions, which are the closest to experimental results and the results obtained by the 3D elasticity theory. In order to approximate the three-dimensional elasticity problem to a two-dimensional plate problem, the displacement components 
[image: image2.wmf](

)

,,,

uxyzt

, 
[image: image3.wmf](

)

,,,

vxyzt

and 
[image: image4.wmf](

)

,,,

wxyzt

 at any point in the plate space are expanded in a Taylor’s series in terms of the thickness coordinate. The elasticity solution indicates that the transverse shear stress vary parabolically through the plate thiskness. This requires the use of a displasement field in which the in-plane displacements are expanded as cubic functions of the thiskness coordinate. In addition, the transverse normal strain may vary nonlinearly through the plate thiskness. The displasement field which satisfies the above criteria may be assumed in the form [8]:
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The parameters 
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 is the transverse displacement of a point 
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 are rotations of the normal  to the middle plane about y-axes and x-axes,  respectively. The parameters 
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are the higher-order terms in the Taylor’s series expansion and they represent higher-order transverse cross-sectional deformation modes. In order to define components of unit loads, it is necessary to apply the relations between displacements and strains in accordance with the well known theory of linear elasticity. Using a generalized Hooke’s law the following components of unit loads are obtained:
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Matrix in the eq. (2), can be defined as:
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Using the Hamilton principles, equilibrium equations become:
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where:
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3. NUMERICAL RESULTS 

The aim of this chapter is to check the correctness and efficiency of the presented theory for determining dimensionless frequency of simply supported cross-ply laminate plates. In order to do that, different numerical examples were done, and the obtained results were compared with the results available in the literature.

Analytical procedure requires defining of boundary conditions and assuming the solutions of equations of motion. Boundary conditions and Navier solution are given in [8]. For thus defined boundary conditions and assumed form of analytic solutions, equations of dynamic equilibrium are reformed into: 
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where 
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 coefficients obtained by analytical procedure. For obtaining non-trivial solutions of the equation (5) it is necessary that the determinant of the first matrix in the product is equal to zero, that is:
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For presenting the obtained numerical values it is necessary to normalize the obtained values in accordance with [7] as 
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. Thus a dimensionless value of the frequency is obtained, which for m=1 i n=1 , relates to the first oscilation mode. 

Material properties used in the numerical examples were the following [4]:
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Table 1 Values  of dimensionless frequency 
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 of symmetric and antisymmetric laminate cross-ply laminate  at a changing relation 
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	Laminate type
	Ratio a/h

	
	2
	4
	10
	50
	100

	Antisymetric cross ply laminates
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	4.982
	7.724
	10.357
	11.264
	11.296
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	5.376
	9.345
	14.635
	17.173
	17.276
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	5.587
	9.761
	15.353
	18.058
	18.168

	Symetric cross ply laminates
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	5.199
	8.861
	14.768
	18.647
	18.829
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	5.407
	9.412
	15.288
	18.688
	18.839


Table 2 Values  of dimensionless frequency 
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 of symmetric and antisymmetric laminate cross-ply laminate 
[image: image34.wmf]0000

0/90/90/0

éù

ëû

 at a changing relation 
[image: image35.wmf]12

/

ЕЕ

, and the fixed relation 
[image: image36.wmf]/5

аh

=


	Laminate type
	Ratio a/h 
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	3
	5
	10
	20
	50

	Antisymetric cross ply laminates
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	6.230
	6.482
	6.948
	7.643
	8.895
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	6.507
	7.078
	8.147
	9.462
	11.200
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	6.562
	7.198
	8.376
	9.825
	11.727

	Symetric cross ply laminates
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	6.594
	7.238
	8.368
	9.665
	11.303
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	6.574
	7.179
	8.193
	9.287
	10.605
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	a) dimensionless frequency 
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 in the function of a/h
	b) dimensionless frequency 
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 in the function of 
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Figure 1. Dimensionless frequency 
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Calculated values of the dimensionless frequency are given in the Tables 1 and 2. An excellent matching was obtained with the results presented in [4],[5],[6],[7].

Figure 1.a shows that the curve of dimensionless frequency, at the increase of the ration a/h, is asymptotically getting closer to a boundary condition at the value of a/h>20 already. The figure 1.b shows that increasing the ratio 
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 leads to divergence in the values of the obtained results.
CONCLUSION 

The results obtained by applying the developed and implemented 2D third-order shear deformation theories give satisfactory accuracy, and the very method is much simpler than 3D elasticity theory. Thus the efficiency of macro-mechanical analysis is increased. It has been shown that third-order shear deformation theories are applicable to the problem of free vibrations. It has also demonstrated that the use of these theory is important only for thick and moderately thick plates. 
Accuracy of proposed theory may be checked for other type of advanced materials eg: fg and other problems or other classical boundary conditions.
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